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Abstract
We have performed the calculation of kaon regeneration based on the exact solution
of equations of motion. The result differs radically from the previous one.
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1 Introduction
In the pioneer paper [1] a formalism of K0S-component regeneration has been considered. This
approach was futher developed in [2,3]. The results of [1-3] were included in [4-7].
However, in [1-3] a system of non-coupled equations of motion has been considered instead
of the coupled ones (see Eq. (7) below). In other words, the problem different from regeneration
has been solved. In this connection an alternative calculation based on the perturbation theory
has been proposed [8]. The similar approach is well studied for nn¯ transitions in the medium
[9-11]. Since the result obtained in Ref. [8] fundamentally differs from the previous one, in this
paper we present the calculation based on the exact solution of equations of motion.
In Sect. 2 the exact wave functions are obtained. The probability of finding K0S is calculated
in Sect. 3. In Sect. 4 the comparison with the old calculations based on uncoupled equations
is given. Section 5 contains the conclusion.
2 Wave functions
Let K0L fall onto the plate at t = 0. We use notations of Ref. [5]. Since
|K0L
〉
= (|K0〉+ |K¯0〉)/√2, (1)
the evolution of K0L in the medium is described by the following equation:
|K ′L(t)〉 = ( |K0(t)
〉
+ |K¯0(t)〉)/√2 = [ |K0〉K0(t) + |K¯0〉 K¯0(t)]/√2. (2)
Here |K0〉 and |K¯0〉 are the states of K0 and K¯0, respectively; K0(t) and K¯0(t) are the
amplitudes of states (spatial wave functions) of K0 and K¯0, respectively. K0(t) and K¯0(t) are
calculated in K0, K¯0 representation.
With these K0(t) and K¯0(t) we revert to K0L, K
0
S representation:
|K ′L(t)〉 =
1√
2
[( |KL〉+ |KS〉)K0(t))/
√
2 + ( |KL〉 − |KS〉)K¯0(t))/
√
2] =
KL(t) |KL〉+ KS(t) |KS〉 , (3)
where
KL(t) =
1
2
[K0(t) + K¯0(t)],
KS(t) =
1
2
[K0(t)− K¯0(t)]. (4)
|KS(t) |2 is the probability of finding K0S. The value of |KS(t) |2 is of particular interest.
2
Let us calculate K0(t) and K¯0(t). The coupled equations for zero momentum K0 and K¯0
in the medium are the following:
(i∂t −M)K0 = ǫK¯0,
(i∂t − (M + V ))K¯0 = ǫK0, (5)
where
M = mK0 + UK0 − iΓdK0/2,
V = (mK¯0 −mK0) + (UK¯0 − UK0)− (iΓdK¯0/2− iΓdK0/2). (6)
Here ǫ = (mL −mS)/2 = ∆m/2 is a small parameter, UK0 and UK¯0 are the potentials of K0
and K¯0, Γd
K0
and Γd
K¯0
are the decay widths of K0 and K¯0, respectively.
The fundamental difference between our and previous calculations lies in the process model.
For the previous old calculations [2] the starting equations are (see Eqs. (3) from [2]):
(∂x − ink)K0 = 0,
(∂x − in′k)K¯0 = 0, (7)
where n and n′ are the indexes of refraction for K0 and K¯0, respectively. In notations of Ref.
[2] K0 = α and K¯0 = α′, K0S = α1 and K
0
L = α2. In above-given Eq. (7) we substitute
K0 = (α1+ iα2)/
√
2, K¯0 = (α1 − iα2)/
√
2 and include the effect of the weak interactions as in
[2]. We obtain Eq. (5) and result (6) from Ref. [2].
So the starting equations (3) from [2] are non-coupled. There is no off-diagonal mass
ǫ = (mL − mS)/2. This is a fundamental defect. The non-coupled equations exist only for
the stationary states and don’t exist for K0 and K¯0. Equations (5) given above should be
considered, not (7). For nn¯ transitions in the medium [9-13] the coupled equations type of (5)
for the non-stationary states are solved as well as for any ab-oscillations.
The exact solutions of (5) have the form
K0(t) = C1e
S1t + C2e
S2t,
K¯0(t) =
1
2ǫ
[C1(V − p)eS1t + C2(V + p)eS2t],
S1,2 =
i
2
(−(2M + V )± p),
p =
√
4ǫ2 + V 2. (8)
Substituting (8) into (4) we obtain
KL(t) = C3e
S1t(1 +
V − p
2ǫ
) + C4e
S2t(1 +
V + p
2ǫ
),
KS(t) = C3e
S1t(1− V − p
2ǫ
) + C4e
S2t(1− V + p
2ǫ
), (9)
3
where C3 = C1/2, C4 = C2/2.
Using initial conditions KL(0) = 1 and KS(0) = 0 we have
C3 =
1
4p
(p+ V − 2ǫ),
C4 =
1
4p
(p− V + 2ǫ). (10)
Finally
KS(t) =
V
2p
(eS1t − eS2t),
KL(t) =
1
2p
[(p− 2ǫ)eS1t + (p+ 2ǫ)eS2t]. (11)
We have obtained the exact wave functions of KS- and KL-components. (The expressions
for K0(t) and K¯0(t) are given by (8).) In (11) one can put V/p ≈ 1 − 2ǫ2/V 2 ≈ 1 since ǫ is
extremely small.
3 Results
The probability of finding K0S or, what is the same, the probability of K
0
LK
0
S transition is given
by |KS(t) |2. After cumbersome calculation we get
|KS(t) |2= R
[
e−Im(pt) + eIm(pt) − eiRe(pt) − e−iRe(pt)] = R [e−Im(pt) + eIm(pt) − 2 cos(Re(pt))] ,
R =
1
4
| V/p |2 eImV t+2ImMt.(12)
This expression is exact. |KS(t = 0) |2= 0. From (11) it is seen that |KL(t = 0) |2= 1.
Since ǫ is extremely small, in (12) we put p ≈ V + 2ǫ2/V and assume V/p = 1. Then
|KS(t) |2= 1
4
e2Im(Mt)
[
e
2ǫ2 Im(V t)
|V |2 + e
2Im(V t)−2ǫ2 Im(V t)
|V |2 − e−iV t−2iǫ2
Re(V t)
|V |2 − eiV ∗t+2iǫ2
Re(V t)
|V |2
]
, (13)
To study the role of various terms, in (13) we put Γd
K0
= Γd
K¯0
= Γd, mK0 = mK¯0 = m (m is the
mass of K0), ReUK0 = ReUK¯0 and
ImUK0 = −Γ
a
K0
2
,
ImUK¯0 = −
Γa
K¯0
2
, (14)
where Γa
K0
and Γa
K¯0
are the widths of absorption (not decay) of K0 and K¯0, respectively. Then
V = −i∆Γ
2
,
∆Γ = Γa
K¯0
− ΓaK0. (15)
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Equation (13) becomes
|KS(t) |2= 1
4
[
e−
4ǫ2t
∆Γ + e
4ǫ2t
∆Γ
−∆Γt − 2e−∆Γt2
]
e−(Γ
a
K0
+Γd)t. (16)
If ∆Γt≫ 1,
|KS(t) |2≈ 1
4
e−Γ(KL→KS)te−(Γ
a
K0
+Γd)t,
Γ(KL → KS) = 4ǫ
2
∆Γ
=
(∆m)2
∆Γ
, (17)
where Γ(KL → KS) is the width of K0LK0S transition. The similar equation has been obtained
in [14] for the width of nn¯ transitions that is the verification of (17). (See also Refs. [10-13].)
Let us consider conditions where (16) is reduced to (17). For estimation, we assume that
∆Γ ≈ Γa
K¯0
. Since Γt = L/l, Eq. (17) holds when Γt≫ 1 or
L≫ l, (18)
l = 1/Nσ. Here L and l are the any given distance and collision distance, respectively; N is the
number of nucleons in a unit of volume, σ is the total cross section of K0N (K¯0N) interaction.
For the copper plate and σ = 100 mb we obtain l ≈ 2 cm.
We would like to note the following. Since the Hamiltonian is non-hermitian, the field of
applicability of potential description is restricted [11]. (For the oscillations in the external field
[15-18] the Hamiltonian is hermitian and so there is no similar problem. We also note that
Eq. (5) is consistent with Eqs. (1) and (2) in Ref. [15] in absence of external field.) For the
problem under study the potential model can be used as a first approximation since the optical
theorem (unitarity condition) is not used.
4 Comparison with previous calculations
The previous calculations (see Eqs. (7.83)-(7.89) of Ref. [5]) give
|K ′L〉st = |KL〉+ r |KS〉 ,
r = iπNΛf21/[k(iµ+ 1/2)] ∼ f21/(i∆m/ΓS + 1/2), (19)
f21 = f − f¯ , ∆m = mL − mS, where mL and mS are the masses of stationary states, f and
f¯ are the forward scattering amplitudes of K0 and K¯0, respectively; ΓS is the decay width of
K0S, |K ′L〉st is the in-medium state expressed through the vacuum states. The notations are
the same as in [5]. (See also Eqs. (1) and (2) of Ref. [3] or Eq. (9.32) of Ref. [4].)
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For comparison with (17) one should construct the process width Γst by means of (19). We
have by definition
Γst = N
∫
dΦ | 〈KS |K ′L〉st |2∼|r |2∼|f21/(i∆m/ΓS + 1/2) |2∼|f21/∆m |2, (20)
where N is the normalization multiplier. Using the standard relation [5] between potential V
and forward scattering amplitude
V = UK¯0 − UK0 =
2π
m
Nf21 (21)
and Eq. (15), we obtain
f21 = − im
4πN
∆Γ. (22)
Finally
Γst ∼
( m
4πN
)2(∆Γ
∆m
)2
∼
(
∆Γ
∆m
)2
. (23)
Compared to (17), the ∆Γ- and ∆m- dependences are inverse. In other words,
Γst ∼ 1/Γ(KL → KS). (24)
We would like to stress that ∆Γ and ∆m are the crucial values which define the process speed.
We note that the comparison with [8] is non-trivial since conditions Γt ≫ 1 and the main
requirement of perturbation theory are opposite. One should start from general Eq. (12). We
will revert to this problem in the next paper.
5 Conclusion
In the old model [1-5] the off-diagonal mass term was omitted. As shown above, this is a
fundamental defect since it leads to a qualitative disagreement in the results. This means that
regeneration has been not described at all.
We have proposed an alternative model which is typical for the theory of the multistep
processes [19]. The main part of this paper is exact solution of equations of motion. The result
(12) is exact. Equations (16) and (17) depend on ∆m and the parameters of optical potentials
which are defined from other problems. Their further uses have no need of a commentary as
opposed to parameterization in the old calculation. We will continue our consideration in the
following paper.
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